For a given graph H, the anti-Ramsey number of H is the maximum number of colors in an edge-coloring of a complete graph which does not contain a rainbow copy of H. In this paper, we extend the decomposition family of graphs to the decomposition family sequence of graphs and show that K 5 is determined by its decomposition family sequence. Based on this new graph notation, we determine the anti-Ramsey numbers for new families of graphs, including the Petersen graph, vertex-disjoint union of cliques, etc., and characterize the extremal colorings.
Introduction

Basic notations and results
The graphs considered in this paper are finite, undirected, and simple (no loops or multiple edges). Let G = (V (G), E(G)) be a graph, where V (G) is the vertex set with cardinality v(G) and E(G) is the edge set with cardinality e(G). If x is a vertex of G, the neighborhood of x in G is denoted by N G (x) = {y ∈ V (G) : (x, y) ∈ E(G)}, or when it is clear, simply by N (x). The degree of x in G, denoted by deg G (x), or d G (x), is the size of N G (x). We use δ(G) and ∆(G) to denote the minimum and maximum degrees, respectively, in G. For a subset X ⊂ V (G), let G[X] denote the subgraph of G induced by X. Denote by G the complement graph of G. Denote by G∪H the vertex disjoint union of G and H and by k · G the vertex disjoint union of k copies of a graph G. Denote by G ∨ H the graph obtained from G ∪ H by adding edges between each vertex of G and each vertex of H. The subscript in the case of graphs indicates the number of vertices, e.g., denote by P k a path on k vertices, denote by C k a cycle on k vertices, S k a star on k vertices, K n the complete graph on n vertices, K n 1 ,...,np the complete p-partite graph K n 1 ∨ . . . ∨ K np , denote by M k the disjoint union of ⌊ k 2 ⌋ disjoint copies of edges and ⌈
Let L be a family of graphs. The Turán number of L, ex(n, L), is the maximum number of edges in a graph G of order n which does not contain a copy of any L ∈ L. In 1941, Turán [23] proved that the extremal graph for K p+1 is the complete p-partite graph on n vertices which is balanced, in that the part sizes are as equal as possible (any two sizes differ by at most 1). This balanced complete p-partite graph on n vertices is the Turán graph T (n, p) and denote by t(n, p) the size of Turán graph T (n, p). Later, in 1946, Erdős and Stone [7] proved the following well-know theorem. Theorem 1.1 [7] For all integers p ≥ 1 and N ≥ 1, and every ǫ > 0, there exists an integer n 0 such that every graph with n ≥ n 0 vertices and at least t(n, p) + ǫn 2 edges contains T (N, p + 1) as a subgraph.
In many ordinary extremal problems the minimum chromatic number plays a decisive role. Let L be a family of graphs, the subchromatic number p(L) of L is defined by
In 1966, Erdős and Simonovits [5] proved the following. An edge-colored graph is a graph G = (V (G), E(G)) with a map c : E(G) → S. The elements of S are called the colors. A subgraph of an edge-colored graph is rainbow (or polychromatic) if all of its edges have different colors. Let F be a family of graphs. For the purpose of this paper, we call an edge-coloring of K n that contains no rainbow copy of any graph in F an F-free coloring and call an edge-coloring of K n a coloring of K n for convenience. The anti-Ramsey number AR(n, F) is the maximum number of colors in an F-free coloring of K n . Anti-Ramsey numbers were introduced by Erdős, Simonovits and Sós [6] . Various results about this extremal function have been obtained, see [1, 2, 3, 4, 8, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19] .
In 1975, Erdős, Simonovits and Sós [6] proved the following results.
Decomposition family and decomposition family sequence of graphs
For every family of forbidden graphs L, Simonovits [21] defined the decomposition family M(L) of L. Definition 1.5 Given a family L with p(L) = p, let M := M(L) be the family of minimal graphs M that satisfy the following: there exist an L ∈ L and a t = t(L) such that L ⊂ (M ∪ K t ) ∨ T (t, p − 1). We call M the decomposition family of L.
Thus, a graph M is in M if the graph obtained from putting a copy of M (but not any of its proper subgraphs) into a class of a large T (n, p) contains some L ∈ L. If L ∈ L with minimum chromatic number p + 1, then L ⊂ T (t, p + 1) for some t = t(L), therefore the decomposition family M always contains some bipartite graphs. But not all the graphs in the decomposition family of a family of graphs must be bipartite, for example, M({K p+2 , 2 · K p+1 }) = {K 3 , M 4 } (p ≥ 1).
A graph on 2k + 1 vertices consisting of k triangles which intersect in exactly one common vertex is called a k-fan. Similarly, a graph on pk + 1 vertices consisting of k cliques each with p + 1 vertices, which intersect in exactly one common vertex, is called a (k, p + 1)-fan. It is easy to see that the decomposition families of k-fan and (k, p + 1)-fan are both {S k+1 , M 2k }.
In this paper, we define the decomposition family sequence of graphs. Let F be a family of graphs and M(F) be the decomposition family of F. The decomposition-remainder family of F is defined by
Definition 1.6 Given a family F = F 0 with p(F) = p, we define F 1 , . . . , F p by recurrence:
for i = 0, 1, . . . , p − 1, and call
the decomposition family sequence of F.
Let L be a family of graphs. The decomposition family of L does not determine ex(n, L), see [25] for more information. Hence, it is interesting to ask the following questions. Question 1.7 Are the extremal graphs for a family of graphs L determined by its decomposition family sequence? Question 1.8 Is a family of graphs determined by its decomposition family sequence?
In the conclusion of this paper, we will discuss some problems on decomposition family sequences of graphs.
Main results
Let H(n, p, k)
Denote by h(n, p, k) the size of H(n, p, k) and h ′ (n, p, k) the size of H ′ (n, p, k).
One of the main results of this paper is the following. Theorem 1.9 Let F be a family of graphs with F − = {H − e : H ∈ F, e ∈ E(H)} and
provided n is sufficiently large, where q is the maximum number of colors such that the coloring of K n , obtained by taking a rainbow H ′ (n, p, k − 1), and coloring all edges in its complement with q (extra) colors so that in each partite set of T (n − k + 2, p) we color all edges with the same color, is an F-free coloring.
(
provided n is sufficiently large. Moreover, any coloring achieving this bound is obtained by taking a rainbow H(n, p, k − 1), and coloring all edges in its complement with one (extra) color.
Remark. Clearly Theorem 1.9 (ii) generalized Theorem 1.4. The value q in Theorem 1.9 (i) depends on the structures of the graphs in F. For example, if F contains the only graph obtained by taking a Turán graph T (n, p − 1) with n ≥ 6(p − 1) and putting a 2 · K 3 in one partite set of it, then q = 1. If F contains the only graph obtained by taking a Turán graph T (n, p) with n ≥ 4p and putting an M 4 in one partite set of it, then q = p.
Corollary 1.11 Let P 10 be the Petersen graph. Then
provided n is sufficiently large. Moreover, any coloring achieving this bound is obtained by taking a rainbow H(n, 2, 2) and coloring all edges in its complement with 2 (extra) colors so that in each component of H(n, 2, 2) we color all edges with the same color.
Proof. Since M 0 (P 10 ) = {M 6 }, the corollary follows from Theorem 1.9 (i) with q = 2.
A nearly (k − 1)-regular graph is a graph such that any vertex of it has degree k − 1 except one vertex with degree k − 2. The following proposition was proved in [20] . Proposition 1.12 [20] Let m be a large constant. Then there exists a (k − 1)-regular triangle-free graph or a nearly (k − 1)-regular triangle-free graph on m vertices.
Denote by U n,k the class of (k − 1)-regular graphs, or nearly (k − 1)-regular graphs on n vertices. Let U ′ n,k be the class of (k − 1)-regular triangle-free graphs, or nearly (k − 1)-regular triangle-free graphs on n vertices. By Proposition 1.12, U n,k and U ′ n,k are nonempty for each k and large n.
n,k ) resp.) the class of graphs obtained from the Turán graph T (n, p) by adding a graph of U n ′ i ,k (U ′ n ′ i ,k resp.) into the i-th class of it for i = 1, . . . , p. Let n = p i=1 n i . Similarly, we can define K n 1 ,n 2 ,...,np (n; U n,k ) and K n 1 ,n 2 ,...,np (n; U ′ n,k ). Denote by T (n, p; U ⌈ n p ⌉,k ) the class of graphs obtained from the Turán graph T (n, p) by adding a graph from U ⌈ n p ⌉,k into the largest class of it. Similarly, we can define K n 1 ,n 2 ,...,np (n; U n 1 ,k ).
The following colorings of graphs are the extremal colorings of the next theorem. Let n 1 ≥ . . . ≥ n p . Let C(n, k, p) (C ′ (n, k, p) resp,) be the set of colorings of K n obtained by taking a rainbow coloring of a graph in T (n, p; U n,k ) (T (n, p; U ′ n,k ) resp,) or of a graph in K n 1 ,n 2 ,...,np (n; U n,k ) (K n 1 ,n 2 ,...,np (n; U ′ n,k ) resp,) with n 1 − n p = 2, and n 1 , n p are even when k is even, respectively, and coloring all the other edges in its partite sets with p (extra) colors so that in each partite set we color all edges with the same color.
Let Q(p, k) = K 1 ∨ T (pk, p). The other main result is stated as follows.
Theorem 1.13 Let F be a family of graphs with F − = {H − e : H ∈ F, e ∈ E(H)} and
provided n is sufficiently large. Furthermore, the colorings in C ′ (n, k − 1, p) are extremal colorings, and all extremal colorings are in
provided n is sufficiently large. Furthermore, the coloring in C ′ (n, k − 1, p) are extremal colorings, and all extremal colorings are in C(n, k − 1, p) and except the extremal colorings which is obtained by taking a rainbow graph from T (n, 2; U n/2,3 ) and coloring all edges in its complement with one (extra) color, when k = 3, p = 2 and n = 2 mod 4.
Remark. If F is a family of graphs with p(F − ) = p and there exist a graph H ∈ F and two edges e 1 , e 2 ∈ E(H) such that χ(H − e 1 − e 2 ) = p. Jiang and Pikhurko [12] determined the anti-Ramsey number of F. Theorems 1.9 and 1.13 generalize their results in a certain sense. The rest of this paper is organised as follows: In Section 2.1, lemma of progressive induction is presented. In Section 2.2, serval lemmas are presented. In Section 3, the proof of the main theorems are given. In Section 4, some problems on decomposition family sequence of graphs are discussed. In 1960s, Simonovits [20] introduced the so-called progressive induction which is similar to the mathematical induction and Euclidean algorithm and combined from them in a certain sense. The progressive induction method is key powerful for extremal problems of non-bipartite graphs, for example see [24] .
Lemma 2.1 [20] Let U = ∪ ∞ 1 U n be a set of given elements such that U n are disjoint subsets of U. Let B be a condition or property defined on U (i.e. the elements of U may satisfy or not satisfy B). Let φ be a function from U to non-negative integers and (a) if a ∈ U satisfies B, then φ(a) = 0. (b) there is an M 0 such that if n > M 0 and a ∈ U n then either a satisfies B or there exist an n ′ and an a ′ such that n 2 < n ′ < n, a ′ ∈ U n ′ and φ(a) < φ(a ′ ).
Then there exists an n 0 such that if n > n 0 , from a ∈ U n follows that a satisfies B.
Remark. In our problems, U n is the set of extremal F-free colorings of K n , B is a property that the coloring of K n belongs to the coloring sets described in Theorems 1.9 or 1.13.
Other lemmas
The following two lemmas are proved in [20] .
Lemma 2.2 [20] Let G n be a graph on n vertices. If χ(G n ) = p and A 1 , . . . , A p are the sets of vertices having the i-th color at a fixed coloring of V (G n ) with p colors and m i is the number of vertices of the i-th class of T (n, p) (i.e. m i = ⌈n/p⌉ or m i = ⌊n/p⌋ and
Lemma 2.3 [20] Let F be a family of graphs with M 0 (F) = {S k+1 } and p(F) = p. If each F ∈ F contains Q(p, k) as a subgraph, then each graph in T (n, p; U ′ n,k ) does not contain any F ∈ F as a subgraph.
The following definition is a key notion in the proof of our lemma and theorems.
Definition 2.4
The representing graph, denoted by L n , of a coloring c n is a spanning subgraph of K n obtained by taking one edge of each color in c n (where L n may contain isolated vertices).
We need the following lemma to show that the colorings in Theorem 1.13 are F-free.
Lemma 2.5 Let F be a family of graphs and
Proof. It is sufficient to show that each coloring in
Hence by Lemma 2.3, L n does not contain any F ∈ F as a subgraph. Thus we finish the proof of the lemma for k ≤ 3.
Let k ≥ 4, we will prove this lemma by applying mathematical induction on p.
, the lemma is obviously true. It will be shown that if the statement is not true for p, then it is not true for some t ≤ p − 1. This implies the lemma.
Suppose that there is a coloring c n in
, the resulting graph is a (k − 2)-regular triangle-free graph or a nearly (k − 2)-regular triangle-free graph for i = 1, . . . , p. We will show that there is a Q(t, k) whose vertices lie in t partite sets of L n for some t ≤ p − 1, or we can not find all vertices of Q(p, k) in L n . This proves the lemma.
, the common neighbours of any two vertices are at most k − 2.
Proof. It follows from that x i and y i are the only two vertices with degree k − 1 in L n [V i ] and they are joint to each other.
Without loss of generality, let q ∈ V 1 and q = y 1 . Since
as a subgraph. Hence the statement is not true for p − 1, and we are done.
If
as a subgraph, we are done. Without loss of generality, let y 1 belongs to Q p (y 1 must be joint to q). Since
, there are at least two vertices of Q 1 which do not belong to
as a subgraph, we are done. Actually, we have proved the following claim.
as a subgraph. Thus the claim holds.
Proof. Suppose that the claim does not hold. Then there are exact two sets among Q t ∩ V t , . . . , Q p ∩ V t which are non-empty, otherwise L n [V t ] contains K 4 as a subgraph, contradicting the fact that L n [V t ] − x t y t is a triangle-free graph. We will prove the claim in the following two cases.
Without loss of generality, let Q t ∩V t , Q t+1 ∩V t be non-empty sets and (
contains the edge x t y t and |Q t−1 ∩ V t | ≥ 2, we have that, without loss of generality, x t is the only vertex of V t which belongs to Q t and y t is the only vertex of V t which belongs to Q t+1 . Hence, we have
(1)
as a subgraph. Thus if there are at least two sets among Q t , Q t+1 , Q p such that the vertices of each of them contains at least one vertex from each of two of
as a subgraph, we are done. Now, without loss of generality, suppose that all those k − 1 vertices of Q t are in V t+1 and all those k − 1 vertices of
as a subgraph, we are done. By Observation 1, we may assume that there are exact one vertex of Q t+2 ∪ . . . ∪ Q p in V t+1 and exact one vertex of
as a subgraph, and we are done. Thus, without loss of generality, there is exactly one vertex of Q t+2 which belongs to V t+1 . Thus, we have
Repeat the previous proof p − t − 3 times (from (1) to (2)), we have
Moreover, without loss of generality, we have
Otherwise there are two of Q p−2 , Q p−1 , Q p such that the vertices of each of them contains vertices from both of
as a subgraph, we are done. Thus, by Observation 1, we have
Without loss of generality, let
a subgraph. Moreover, there exists a j ′ ∈ {t + 1, . . . , p} such that
as a subgraph. By Observation 1, we have j = j ′ . Without loss of generality, let
as a subgraph, and we are done. Hence, without loss of generality, we may suppose that |Q t+1 ∩ V t+1 | = 1. We may go on this procedure and get
Now we return to the proof of the lemma.
as a subgraph, we are done. By Claim 2, suppose that there exists a j ∈ {2, . . . , p} such that
as a subgraph, we are done. Hence we have j ∈ {2, . . . , p − 1}. Without loss of generality,
Hence, without loss of generality, we have
By Claims 1, 2 and Observation 1, we can go on this procedure, and finally get
Thus we finish the proof of lemma.
Proof of the main theorems
Denote by T (N p, p; F ) the graph obtained by embedding an F in one partite set of T (N p, p) and T (N p, p; F 1 , F 2 ) the graph obtained from T (N p, p) by adding an F 1 into one partite set and an F 2 into another partite set of T (N p, p).
Proof of Theorem 1.9: First, we present a useful proposition.
F ∈ F} and k ≥ 2. Let c n be a coloring of K n and L n be a representing graph of c n . If L n contains a copy of T (2vp, p; M 2k ), then K n contains a rainbow copy of some F ∈ F.
First, we show that the coloring described in Theorem 1.9 (ii) is F-free. If the representing graph S n = K k−2 ∨ T (n − k + 2, p; M 2 ) of this coloring contains an F ∈ F as a subgraph, then there are an F ∈ F and an edge e ∈ F such that F − e ⊆ K k−2 ∨ T (n − k + 2, p). Hence M 1 (F) contains a graph H = M 2k−2 , a contradiction. Thus the coloring described in Theorem 1.9 (ii) is F-free. For Theorem 1.9 (i), if K k−2 ∨ T (n − k + 2, p; M 2 ) contains some F ∈ F as a subgraph, then there are an F ∈ F and an edge e ∈ F such that F − e ⊆ K k−2 ∨ T (n − k + 2, p). Hence M 0 (F) contains a graph H = M 2k , a contradiction. Hence, by the definition of q, we have q ≥ 1. Thus the colorings described in Theorem 1.9 (i) are F-free. We will prove Theorem 1.9 (i) (Theorem 1.9 (ii) resp.) by progressive induction. Suppose that c n is an extremal F-free coloring of K n that uses at least h ′ (n, p, k − 1) + q (h(n, p, k − 1) + 1 resp.) colors. It will be shown that, if n is sufficiently large, then c n belongs to the coloring set described in the theorem. Let L n be a representing graph of c n . Obviously, we have
Hence
is a non-negative integer. The theorem will be proved by progressive induction, where U n is the set of extremal F-free colorings of K n . B states that the coloring of K n belongs to the coloring set described in the theorem, and φ(c n ) is a non-negative integer. According to the lemma of progressive induction, it is enough to show that if c n does not belong to the coloring set described in theorem, then there exists a c n ′ with n/2 < n ′ < n such that φ(c n ′ ) > φ(c n ) provided n is sufficiently large, where c n ′ is an extremal F-free coloring of K n ′ . By Theorem 1.1 and (3) ((4) resp.), there is an n 1 , if n > n 1 , then L n contains T (n 2 p, p) (n 2 is sufficiently large) as a subgraph. Any partite class of T (n 2 p, p) can not contain M 2k as a subgraph, otherwise L n contains a rainbow copy of some F ∈ F (by Proposition 3.1, resp.), a contradiction. Hence there is an induced subgraph T (n 3 p, p) of L n with partite set B 1 , . . . , B p , where n 3 ≥ n 2 − 2(k − 1). In fact, let x 1 y 1 , x 2 y 2 , . . . ,
Then there is no edge in L n [ B 1 ] and there is an induced subgraph T (n 3 p, p) of L n . Let ǫ be a small constant satisfying
Let L = L n − T (n 3 p, p). We partition L by the following produce. If there is an x 1 ∈ L which is joint to all the classes of T (n 3 p, p) = T 0 by more than ǫ 2 n 3 vertices, then T 0 contains a T 1 = T (ǫ 2 n 3 p, p) each vertex of which is joint to x 1 . Generally, if there is an x i ∈ L which is joint to at least ǫ 2i n 3 vertices of each class of T i−1 , then there is a T i = T (ǫ 2i n 3 p, p) ⊆ T i−1 each vertices of which is joint to all the vertices x 1 , x 2 , . . . , x i . Thus we may define recursively a sequence of graphs. However, this process stops at last after the construction of T k−2 . Since if we could find a T k−1 ⊆ L n , then K n contains a rainbow copy of some F ∈ F, a contradiction. In fact, let c n (xy) be the color of xy such that x, y are in the same partite set of T k−1 , then there is at most one edge of
is an induced subgraph of the representing graph L n ). Since ǫ 2k n 3 is sufficiently large, L n contains a copy of T (2vp, p; M 2k ). Thus K n contains a rainbow copy of some F ∈ F (by Proposition 3.1 resp.). Now suppose the above progress ends at T ℓ , 0 ≤ ℓ ≤ k − 2. Let x 1 , x 2 , . . . , x ℓ be the vertices which are joint to all the vertices of T ℓ . Denote by B ℓ 1 , B ℓ 2 , . . . , B ℓp the classes of T ℓ , partition the remaining vertices into the following vertex sets: If x is joint to less than ǫ 2ℓ+2 n 3 vertices of B ℓ i and joint to every B ℓ j =ℓ i to more than (1 − ǫ)ǫ 2ℓ n 3 , then x ∈ C ℓ i . If x is joint to less than ǫ 2ℓ+2 n 3 vertices of B ℓ i and is joint to some of B ℓ j =ℓ i to less than (1 − ǫ)ǫ 2ℓ n 3 , then x ∈ D. Obviously, this is a partition of S n − T ℓ − {x 1 , x 2 , . . . , x ℓ }.
resp.) and any vertex of C ℓ i is joint to less than ǫ 2ℓ+2 n 3 vertices of B ℓ i , there are ǫ 2ℓ n 3 (1 − ǫ 2 k) vertices of B ℓ i which is not joint to any vertices of C ℓ i . In fact, there are at most k − 1 independent edges in B ℓ i ∪ C ℓ i , otherwise, L n contains T (2vp, p; M 2k ) as a subgraph, a contradiction (by Proposition 3.1 resp.). Consider the edges joining B ℓ i and C ℓ i and select a maximal set of independent edges, says x 1 y 1 , . . . , x q y q , x i ′ ∈ B ℓ i , y i ′ ∈ C ℓ i , 1 ≤ i ′ ≤ q ≤ k − 1, among them, then the number of vertices of B ℓ i which are joint to at least one of y 1 , y 2 , . . . , y q is less than ǫ 2ℓ+2 n 3 q, and the remaining vertices of B ℓ i is not joint to any vertices of C i by the maximality of x 1 y 1 , . . . , x q y q . Hence we can move ǫ 2ℓ+2 n 3 k vertices of B ℓ i to C ℓ i , obtain B i and C i such that B i ⊆ B ℓ i , C ℓ i ⊆ C i and there is no edge between B i and C i . Let ℓ ′ = (1 − ǫ 2 k)ǫ 2ℓ n 3 , we conclude that T ′ ℓ = T (ℓ ′ p, p) with classes B 1 , . . . , B p is an induced subgraph of L n satisfying the following conditions:
The vertices of L n−ℓ ′ p can be partitioned into p + 2 classes C 1 , . . . , C p , D, E such that
• Every x ∈ E is joint to every vertex of T ′ ℓ and |E| = ℓ.
• If x ∈ C i then x is joint to at least (1 − ǫ − ǫ 2 k)ǫ 2ℓ n 3 vertices of B j =i and is joint to no vertex of B i .
• If x ∈ D then there are two different classes of T ′ ℓ : B i(x) and B j(x) such that x is joint to less than (1 − ǫ)ǫ 2ℓ n 3 vertices of B i(x) and less than ǫ 2ℓ+2 n 3 vertices of B j(x) .
Denote by e S the number of the edges joining L n−ℓ ′ p and T ′ ℓ . Clearly
Let L ′ n be a representing graph of c ′ n , where c ′ n is an F-free coloring described in the theorem. Similarly, select an induced subgraph
and e T denote the number of edges of
Since L n−ℓ ′ p does not contain any F ∈ F as a subgraph, we have e( L n−ℓ ′ p ) ≤ e(L n−ℓ ′ p ), where L n−ℓ ′ p is a representing graph of an extremal F-free coloring graph on n − ℓ ′ p vertices. By (6) and (7), we have
where c n−ℓ ′ p is an extremal F-free coloring of K n . If e S − e T < 0, then φ(c n ) < φ(c n−ℓ ′ p ), we are done. Hence we may assume e S − e T ≥ 0. Since ǫ is a small constant, by (5) we have
where equality holds if and only if |D| = 0, ℓ = k − 2 and each vertex of C i is joint to each vertex of B j =i in L n for i = 1, . . . , p. Moreover, there is only one color in
for some i = j resp.), since we can choose any edge with the same color for the representing graph, there is a representing graph L * n which contains a copy of T (2vp, p; M 2k ) (a copy of T (2vp, p; M 2k ) or T (2vp, p; M 2k−2 , M 2 ) resp.). Thus K n contains a rainbow copy of some F ∈ F (by Proposition 3.1 resp.). Now we prove Theorem 1.9 (ii). Since T (n − k + 2, p) has more edges than any other p-partite graph, by (4), we have that each vertex in E is joint any other vertex in L n , ⌊(n − k + 2)/p⌋ ≤ |B i ∪ C i | ≤ ⌈(n − k + 2)/p⌉ and each vertex in B i ∪ C i is joint to each vertex in B j =i ∪ C j =i in L n for i = 1, . . . , p. Hence c n belongs to the coloring set described in Theorem 1.9 (ii).
For Theorem 1.9 (i), since T (n − k + 2, p) has more edges than any other p-partite graph, by (3) , there are at least q edges in
. Moreover, by the definition of q, there are at most q colors in
. Otherwise, since every x ∈ E is joint to every vertex of T ′ k−2 and there is only one color in K n [B i ∪ C i ] for i = 1, . . . , p, L n contains some F ∈ F as a subgraph. Hence, it follows from (3) and T (n − k + 2, p) has more edges than any other p-partite graph that, each vertex in E is joint to each vertex in
. . , p, the result follows.
Proof of Theorem 1.13: We only prove Theorem 1.13 (ii), since the proof of Theorem 1.13 (i) is essentially the same as the proof of Theorem 1.13 (ii). As the proof of Theorem 1.9, we present a useful proposition. Proposition 3.2 Let v = max{v(F ) : F ∈ F} and k ≥ 3. Let c n be a coloring of K n and L n be a representing graph of c n . (i) If L n contains a copy of T (vp, p; S k+1 , M 2 ), then K n contains a rainbow copy of some F ∈ F.
(ii) If L n contains a copy of T (2vp, p; H), then K n contains a rainbow copy of some F ∈ F, where H / ∈ {K 2,k , S 2k+1 } is a graph contains two edge-disjoint copies of S k+1 . (iii) If L n contains a copy of Q(p, m), then K n contains a rainbow copy of some F ∈ F, where m = m(v, k) is a large constant depending on v and k.
Proof. (i) Since M 0 (F) = {M 2 } and M 1 (F) = {S k+1 }, there exist a graph F ∈ F and an edge e such that F − e ⊆ T (vp, p; S k+1 ). Moreover, since M 0 (F) = {M 2 } and p(F − ) = p, we have p(F) = p + 1. Suppose that F T (vp, p; S k+1 , M 2 ). Then F ⊆ T (vp, p; H 1 ), where H 1 is obtained from S k+1 by adding an edge. If H 1 does not contain a triangle, then we have p(F) = p, a contradiction. If H 1 contains a triangle, by k ≥ 3, we have M 1 (F) = {S k+1 } (M 1 (F) contains a tree on k + 1 vertices with k edges which is not S k+1 ), a contradiction. The result follows.
(ii) Without loss of generality, let B 1 , . . . , B p be the p partite vertex sets of
] contains H as a subgraph. Let {x, y} ⊆ B 2 and c n (xy) be the color of xy. Since the graph H satisfies that after deleting any edge or any vertex of it the resulting graph contains S k+1 as a subgraph. we obtain that after deleting the edge in L n which is colored by c n (xy) in K n and adding the edge xy to L n , the obtained graph contains T (vp, p; S k+1 , M 2 ) as a subgraph. Hence, K n contains a rainbow copy of some F ∈ F.
(iii) Let Q 1 , . . . , Q p be the p partite vertex sets of Q(p, m) and x be the unique vertex in Q(p, m) which is joint to all other vertices. Let Q i = {x i,1 , . . . , x i,m } for i = 1, . . . , p.
Claim. Let s = t and {s, t} ⊂ {1, . . . , m}. We have c n (x i,s x i,t ) ∈ {c n (xx i,s ), c n (xx i,t )} for i = 1, . . . , p.
Proof. Otherwise, since m is large, K n contains a rainbow copy of T (vp, p; S k+1 , M 2 ). The result follows from (i).
Moreover, there are at least m − k edges of {x i,j x i,1 , . . . , x i,j x i,m } which are colored by c n (xx i,j ) for i = 1, . . . , p and j = 1, . . . , m. Otherwise, by the claim, there are a rainbow S k+1 in K n [Q i ] which is colored by the colors in {c n (xx i,1 ), . . . , c n (xx i,m )} and an edge in K n [V q ] which is colored by a color in {c n (xx q,1 ), . . . , c n (xx q,m )} for i = q. Hence K n contains a rainbow copy of T (vp, p; S k+1 , M 2 ), we are done. Since m is large, without lose of generality, there is a rainbow S k+1 in K n [Q 1 ] which is colored by c n (xx 1,1 ) , . . . , c n (xx 1,k ) (this follows from the fact that there are at least m − k edges of {x 1,ℓ x 1,1 , . . . , x 1,ℓ x 1,m } which are colored by c n (xx 1,ℓ ) for ℓ = 1, . . . , k) and an edge in K n [Q 2 ] which is colored by c n (xx 2,1 ). Thus, K n contains a rainbow copy of T (vp, p; S k+1 , M 2 ) and we finish the proof of the proposition.
Proof. Let v = max{v(F ) : F ∈ F}, ǫ be a small constant only depending on v and k and N be a large even constant depending on v and k. We will prove this theorem by progressive induction. Suppose that c n is an extremal F-free coloring of K n . It will be shown that, if n is sufficiently large, then c n belongs to the coloring set described in the theorem. Let L n be a representing graph of c n . By Lemma 2.5, we have
is a non-negative integer. The theorem will be proved by progressive induction, where U n is the set of extremal F-free colorings of K n . B states that the coloring of K n belongs to the coloring set described in the theorem, and φ(c n ) is a non-negative integer. According to the lemma of progressive induction, it is enough to show that if c n does not belong to the coloring set described in theorem, then there exists an n ′ with n/2 < n ′ < n such that φ(c n ′ ) > φ(c n ) provided n is sufficiently large, where c n ′ is an extremal F-free coloring of K n ′ . By Theorem 1.1 and (8), there exists an
We can partition the vertices of L n−N p into C 1 , . . . , C p , D such that if x ∈ C i then x is joint to less than k vertices of B i and more than (1 − ǫ)N vertices of B j =i , if x ∈ D then x is joint to at most (1 − ǫ)N vertices of each of two of B 1 , . . . , B p . Furthermore, since L n does not contain T (N p/3, p; S k+1 ) as a subgraph, if x ∈ B i ∪ C i , then x is joint to less than k vertices of B i ∪ C i for i ∈ {1, . . . , p}, and if x ∈ D, then x is joint to less than (p − 1 − ǫ)N + k − 1 vertices of T ′ (N p, p) (if x is joint to more than k vertices of B i for some i ∈ {1, . . . , p}, since L n does not contain T (N p/3, p; S k+1 ) as a subgraph, then x is joint to at most N/3 vertices of each of two of B 1 , . . . , B p ). Denote by e L the number of edges joining L n−N p and T ′ (N p, p) . We have
Let c ′ n be a coloring of K n which belongs to the coloring set described in the theorem such that in each partite set there is a rainbow component on N vertices. Since N is a large constant, by Proposition 1.12, this is possible. Let L ′ n be a representing graph of c ′ n . Hence we can choose a subgraph
where L ′ n−N p is a representing graph of c ′ n−N p and c ′ n−N p is a coloring of K n−N p belongs to the coloring set described in the theorem. Obviously, (N p, p) ) + N 1 , where N 1 = (k − 1)pN/2. Let L n−N p be a representing graph of an extremal F-free coloring on K n−N p . By (10) and (11), we have
where c n−N p an extremal F-free coloring of K n . Thus
Let c n−1 be an extremal F-free coloring of K n−1 . It will be proved that if n is large enough, then
• (c) or c n belongs to the coloring set described in the theorem.
This will complete our progressive induction. If there is a vertex x ∈ L n with d Ln (x) < ⌊n/p⌋(p − 1), then φ(c n ) < φ(c n−1 ). In fact, let L * n−1 = L n −{x}. It does not contain any F ∈ F as a subgraph. Thus e(L n )−d Ln (x) = e(L * n−1 ) ≤ e(L n−1 ) and from this we have e(
Suppose now that neither (a) nor (b) holds. Then for each x ∈ L n , we have d Ln (x) ≥ ⌊n/p⌋(p − 1) and φ(c n ) ≥ φ(c n−N p ). From (12) 
Proof. First recall that B i ∪ C i does not contain such a vertex which is joint to k other vertices of it. Thus the number of edges joining B i and C i is less than N k and
since if x ∈ D, then x is joint to less than (p
Claim 2. A vertex belonging to B i ∪ C i is joint to at most to k − 1 other vertices of
Proof. This claim was already proved.
Proof. In order to show this, omit the edges joining two vertices of the same B i ∪ C i (i = 1, . . . , p) and the edges of D. Thus there remains an H n−|D| which is p-chromatic and has t(n, p) − O(n) edges. Applying Lemma 2.2 to H n−|D| we obtain the required result. Thus there is a constant N 4 such that
The result follows.
Claim 4.
There is a constant N 5 such that every x ∈ B i ∪ C i is joint to all the vertices of L n − (B i ∪ C i ) except less than N 5 √ n vertices.
Proof. This follows immediately from the fact that x is not joint to
Let D i be the class of those vertices in D, which are joint to B i ∪ C i by less than k edges for i = 1, . . . , p. Proof. In fact, if x ∈ D, then there is an i(x) such that x is joint to at least (1/3)(n/p) vertices of
, otherwise, L n contains T (N p/3, p; S k+1 ) as a subgraph (without loss of generality, let i(x) = 1, we select k vertices of B 1 ∪ C 1 which are joint to x and N/3 − k − 1 other vertices of B 1 ∪ C 1 . Then select N/3 vertices in B 2 ∪ C 2 which are joint to x and to the N − 1 vertices considered in B 1 ∪ C 1 . Let us continue this selection and lastly select N/3 vertices of B p ∪ C p which are joint to all the (p − 1)N/3 vertices from B 1 ∪ C 1 , . . . , B p−1 ∪ C p−1 . This is possible, since each vertex selected from is joint to at least n/p−O( √ n) of B i+1 ∪C i+1 and x is joint to at least (1/3)(n/p) vertices of B i+1 ∪C i+1 for i = 1, . . . , p − 1.). The result follows. Now we may suppose that L n contains T (N p/3, p; S k+1 ) as a subgraph with vertex partition B 1 ∪ . . . ∪ B p . We can partition the vertices of L n−N p/3 = L n − V (T (N p/3, p; S k+1 )) into C 1 , . . . , C p , D such that if x ∈ C i then x is joint to more than (1 − ǫ)N/3 vertices of B j =i , if x ∈ D then x is joint to at most (1 − ǫ)N/3 vertices of each of two of B 1 , . . . , B p . Furthermore, there exists one vertex in B i ∪ C i such that after deleting it any vertex in B i ∪ C i is joint to less than k + 1 vertices of
∈ {S 2k+1 , K 2,k } which contains two edge-disjoint copies of S k+1 . Since x ∈ B i ∪ C i is joint to more than (1 − ǫ)N/3 vertices of B j =i , we have L n contains T (N p/3, p; H) as a subgraph. Hence, by Proposition 3.2 (ii), L n contains some F ∈ F as a subgraph, a contradiction. If x ∈ D, then x is joint to less than m vertices of some B i for i ∈ {1, . . . , p}. Otherwise L n contains Q(p, m) as a subgraph. Hence by 
contains an H / ∈ {K 2,k , S 2k+1 } which contains two edge-disjoint copies of S k+1 . Hence, by Claim 4, L n contains T (2vp, p; H) as a subgraph, and by Proposition 3.2 (ii), L n contains some F ∈ F as a subgraph, a contradiction. If ∆(L n [B i ∪ C i ]) = k, then after deleting k vertices of B i ∪ C i the resulting graph is a graph with maximum degree less than k. Otherwise L n [B i ∪ C i ] contains an H / ∈ {K 2,k , S 2k+1 } which contains two edge-disjoint copies of S k+1 , a contradiction by Proposition 3.2 (ii). Thus
Let D i be the class of vertices in D which are joint to B i ∪ C i by less than m edges. Here we can also get Claim 5, that is D is the disjoint union of D 1 , . . . , D p . In fact, as in the previously proof of Claim 5, if x ∈ D, then there is an i(x) such that x is joint to at least (1/3)(n/p) vertices of B j =i(x) ∪ C j =i(x) . Furthermore, x ∈ D is joint to less than m vertices of B i(x) ∪ C i(x) for some i(x) ∈ {1, . . . , p}. Otherwise, L n contains Q(p, m) as a subgraph (the proof is the same as the proof of Claim 5 in the parenthesis), by Proposition 3.2 (iii), L n contains some F ∈ F as a subgraph, a contradiction.
where N 6 is a large constant.
Choose any 2v − k − 1 vertices of E i . Let X be the vertex set which contains those 2v − k − 1 vertices and the vertices of S k+1 in E i . Then the number of common neighbours of X in E j =i is n/p − O( √ n). By Proposition 3.2 (i), there is no edge (edges in L n ) in the common neighbours of X in E j =i . Thus, by (14) 
. In fact, suppose that there are at least two colors in K n [E 3−i ]. Choose two independent edges with different colors, say c n (e 1 ) and c n (e 2 ), in
for L n (L n is obtained by changing at most two edges). Let Y be the vertex set which contains the vertices incident with this two edges and 4v − 4 arbitrary vertices of E 3−i . Then the number of common neighbours of
] with degree two. Choose four of them, say z 1 , z 2 , z 3 , z 4 , such that the vertices in
We have c n (z 1 z 2 ) = c n (z 3 z 4 ) and c n (z 1 z 2 ), c n (z 3 z 4 ) belong to the colors which incident with one vertex of Y and one vertex of N (Y ). Otherwise, L n contains T (2v, 2; S 4 , M 2 ) as a subgraph and by Proposition 3.2 (i), L n contains some F ∈ F as a subgraph, a contradiction. Hence, if we choose z 1 z 2 and
as a subgraph. Thus by Proposition 3.2 (ii), L n contains some F ∈ F as a subgraph, a contradiction. Now, choose any edge in
as a subgraph, a contradiction. The result follows by (8) and an easy calculation (T (n, p) has more edges then any other p-partite graph).
There exists an edge in L n [E i ] such that after deleting it, for any x ∈ E i , x is joint to less than k − 1 vertices of E i for i = 1, . . . , p. Otherwise, we have ∆(L n [E i ]) = k − 1 and ∆(L n [E i ] − {z}) = k − 1, where z is a vertex of L n [E i ] with degree k − 1. Hence L n [E i ] contains two edge-disjoint S k . Let x, y be the vertices of each of the two S k with degree k −1, c n (xy) be the color of xy. Hence there is an S k+1 in L n [E i ] (the graph L n is obtained by changing one edge), and we are done by Case 1. Thus, after deleting p suitable edges of L n , we can partition the obtained graph L n into E ′ 1 , . . . , E ′ p such that ∆( L n [E ′ i ]) ≤ k − 2 for i = 1, . . . , p. The result follows by (8) and an easy calculation (T (n, p) has more edges than any other p-partite graph).
Remark. Our method can also be applied to the case when k ≤ 2, since there is no new idea and the extremal colorings are rather complicated, we skip it. We only point out that, for k = 2, Proposition 3.2 (i) should be changed as following. If L n contain a copy of T (vp, p; S 3 , M 2 ) and a copy of T (vp, p; K 3 ), then K n contains a rainbow copy of some F ∈ F.
Conclusion
If F only contains bipartite graphs, then F is determined by its decomposition family sequence. One may think that if F only contains the graphs with the same chromatic number, then its decomposition family sequence only contains bipartite graphs. The following graph shows that this is not true. Let H be the graph obtained by a C 6 = x 1 . . . x 6 and adding the edges x 1 x 3 , x 3 x 5 and x 5 x 1 . Then M 0 ({H}) = {K 3 , P 4 }.
By Theorem 1.2, the Turán number of a family of graphs is asymptotically determined by the graph with minimal chromatic number in the family (unless this family of graphs contains a bipartite graph). However, the graphs with larger chromatic number may influence the subtle structure of the extremal graphs. This is one important motivation for studying decomposition family sequences of graphs.
There is a family of graphs such that the extremal graphs of those graphs are determined by its decomposition family provided n is sufficiently large. We say that a graph is edge-critical if it contains an edge whose deletion reduces the chromatic number of it. In 1968, Simonovits [20] proved the following theorems.
Theorem 4.1 [20] Let F 1 , . . . , F ℓ be given graphs, such that χ(F i ) ≥ p + 1 (i = 1, . . . , ℓ) but there are an F io and an edge e in it such that χ(F j − {e}) = p, where j ∈ {1, . . . , ℓ}. Then there exists an n 0 such that if n > n 0 then T (n, p) is the unique extremal graph for F 1 , . . . , F ℓ .
Even more, the converse of Theorem 4.1 is also true.
Theorem 4.2 [20] Let F 1 , . . . , F ℓ be given graphs, if there exists an n 0 such that when n > n 0 then T (n, p) is the unique extremal graph for F 1 , . . . , F ℓ , then χ(F i ) ≥ p + 1 (i = 1, . . . , ℓ) and there are an F j and an edge e in it such that χ(F j − {e}) = p, where j ∈ {1, . . . , ℓ}.
Hence, it is interesting to ask the following questions. Question 4.3 Find new family of graphs whose decomposition family determines its extremal graphs, or much weaker, find new family of graphs whose first two graph sets of decomposition family sequence determine its extremal graphs.
Question 4.4
Find extremal graphs such that the forbidden graphs are determined by it in a certain sense. Which graph can be an extremal graph for a finite graph set L?
For Question 4.3, as mentioned in Section 1.2, there exist graphs such that the decomposition family of them do not determine the extremal graphs of them. For Question 4.4, we refer the interested readers to [22, 25] .
Although, the definition of decomposition family sequence of a graph is simple, determining the decomposition family sequence of a graph is very complicate. Here we only show that K 5 is determined by its decomposition family sequence. Proposition 4.5 K 5 is determined by its decomposition family sequence.
Proof. Let G n,e be the set of graphs with n vertices and e edges. Let F = F 0 = {K 5 }, by a simple observation, we have Since G n,e contains all the graphs with n vertices and e edges and S 3 , M 4 are the only graphs with two edges (regardless of isolated vertices), we have F 3 = G 5,6 and hence F 2 = G 5,8 F 1 = G 5,9 and F 0 = G 5,10 . The result follows since G 5,10 = {K 5 }.
